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Abstract. We study temperature and polarization anisotropies of the cosmic microwave
background (CMB) radiation sourced from primordial cross-bispectra between metric per-
turbations and vector fields, which are generated from the inflation model where an inflaton
and a vector field are coupled. In case the vector field survives after the reheating, both the
primordial scalar and tensor fluctuations can be enhanced by the anisotropic stress composed
of the vector fields during radiation dominated era. We show that through this enhancement
the primordial cross-bispectra generate not only CMB bispectra but also CMB power spec-
tra. In general, we can expect such cross-bispectra produce the non-trivial mode-coupling
signals between the scalar and tensor fluctuations. However, we explicitly show that such
mode-coupling signals do not appear in CMB power spectra. Through the numerical anal-
ysis of the CMB scalar-mode power spectra, we find that although signals from these cross-
bispectra are smaller than primary non-electromagnetic ones, these have some characteristic
features such as negative auto-correlations of the temperature and polarization modes, re-
spectively. On the other hand, signals from tensor modes are almost comparable to primary
non-electromagnetic ones and hence the shape of observed B-mode spectrum may deviate
from the prediction in the non-electromagnetic case. The above imprints may help us to
judge the existence of the coupling between the scalar and vector fields in the early Universe.
Keywords: primordial magnetic fields, inflation, cosmological perturbation theory, CMBR
theory
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1 Introduction
Owing to accurate observations and data treatments, it has turned out that galaxies and
clusters of galaxies hold micro-gauss magnetic fields (e.g., [1–4]). Furthermore, studies on
some astrophysical processes suggest that the strength of magnetic field in the inter-galactic
medium is larger than O(10−15 − 10−20) gauss [5–8]. What is the origin of these large-scale
magnetic fields? It may be generated via an interaction between inflatons and some sort
of vector fields, which breaks the conformal invariance, in the inflationary Universe (e.g.,
[9–13]) 1 and such kind of model can generate nano-Gauss magnetic fields at the present
Universe [12], which is comparable to upper limits from the power spectra [18–29], bispectra
[30–37] and trispectra [38] of CMB anisotropies. However, the models with such coupling
might suffer from some problems. One is that the energy density of the vector field spoils
the inflationary background dynamics, so-called, backreaction problem, and another is that
due to the time-dependence of the coupling the Universe enters strong coupling regime at
the early stage of inflation, so-called strong coupling problem (e.g., see ref. [13]). Hence, it
has been commonly understood that constructing a realistic model of generating primordial
magnetic fields during inflation is quite difficult. There are also several works about universal
1Other than the inflationary origins, diverse generation and amplification mechanisms of the magnetic field
have been proposed (e.g., [14–17]).
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bounds for the inflationary model from the current observations of the large scale magnetic
fields [39–41].
Recently, such vector field and coupling have been also widely discussed beyond the
context of magnetogenesis (e.g., [42–48]). Because, the interaction between the inflaton and
the vector field can induce the cosmological three-point cross-correlation (cross-bispectrum)
between the fluctuations of the scalar field, metric perturbations and electromagnetic fields
and there must be some cosmological imprints of it.
In ref. [49, 50], although in the context of the generation of the magnetic field, the au-
thors computed such a cross-bispectrum composed of one scalar field and two magnetic fields,
and analyzed its shape dependence in the similar manner as the cases of non-Gaussianities
without magnetic fields [51–53]. In refs. [54, 55], the authors developed the magnetic con-
sistency relation similar to the consistency relation in the local-type non-Gaussianity. They
suggested that this cross-bispectrum may be accessible through the cosmic microwave back-
ground (CMB) observations and a combined survey of large scale structure and Faraday
rotation [56]. Therefore closely estimating CMB signals generated from the cross-bispectrum
will be an interesting and important work for studying the early Universe. Furthermore,
although refs. [49, 50] have not discussed, the cross-bispectra involving tensor perturbation
or the electric field can also be generated and hence may create characteristic CMB fluctua-
tions. In refs. [48, 57], the authors investigate the primordial fluctuations sourced from the
vector field through the coupling during inflation and estimate the non-Gaussianity of the
primordial curvature fluctuations.
This paper examines impacts of such electromagnetic-scalar and electromagnetic-tensor
bispectra on CMB anisotropies. Electromagnetic fields, which are created during inflation,
induce the anisotropic stress fluctuation (depending quadratically on electromagnetic fields)
and affect the subsequent evolution of the CMB fluctuation of scalar, vector and tensor modes
even during the radiation dominated era [19, 20, 24]. This implies that the electromagnetic-
scalar and electromagnetic-tensor bispectra become sources of not only CMB bispectra but
also CMB power spectra. Hence, first, we construct complete formulae for these cross-
bispectra and the power spectra of temperature and polarization anisotropies. In such case,
since the scalar and tensor modes sourced from such anisotropic stress fluctuations have
same origins, it could be readily imagined that the scalar-tensor mode coupling appears.
However, we explicitly show that the CMB power spectra do not have such mode-coupling
components. Then, we find that CMB power spectra from the electromagnetic-scalar and
electromagnetic-tensor bispectra have characteristic features. In the power spectrum of the
scalar modes, although these are subdominant contributions compared with the primary non-
electromagnetic signals [53], the auto-correlations of the temperature (intensity) and E-mode
polarization have negative values, respectively. CMB power spectra induced from the tensor
modes have almost the same amplitude of primary ones. In this sense, the effects on the
B-mode spectrum might be quite interesting.
This paper is organized as follows. In the next section, we summarize some behaviors
of the vector field and metric perturbations in the context of slow-roll inflation. In section 3,
we present the formulae for the electromagnetic-scalar and electromagnetic-tensor bispectra.
In section 4, we compute and analyze the CMB signals generated from these cross-bispectra.
The final section is devoted to the summary and discussion of this paper.
Throughout this paper, we obey the definition of the Fourier transformation as
f(x) ≡
∫
d3k
(2π)3
f˜(k)eik·x , (1.1)
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and the rule that the subscripts and superscripts of the Greek characters and alphabets run
from 0 to 3 and from 1 to 3, respectively.
2 Nature of inflation coupled with the vector field
In this section, let us discuss some background and perturbative quantities in a simple in-
flationary model with the coupling between a scalar field (inflaton) and a vector field. The
action is given by
S =
∫
d4x
√−g
[
−M
2
pl
16π
R− 1
2
gµν∂µϕ∂νϕ− V (ϕ)
]
+ SV , (2.1)
SV = −
∫
d4x
1
4
√−ggµλgνσW (ϕ)FµνFλσ , (2.2)
where ϕ is the inflaton, Fµν ≡ ∂µAν −∂νAµ with Aµ being the vector field, and Mpl ≡ 1/
√
G
is the Planck mass. For the dynamics of the vector field, only the time-dependence of the
coupling function is important. Here, we simply impose the power-law type as
W (η) =WI
(
a(η)
aI
)2n
, (2.3)
where a(η) is the scale factor with η being the conformal time, and the subscript I means
the value at the end of inflation, η = ηI . This power-law shape is often realized by an
assumption of a dilaton-like coupling [50, 58]. Due to the time dependence of this coupling,
the conformal invariance of the action (2.2) is broken and hence the vector field can be
survive even in the inflationary expansion. In addition, let us consider the case that after
the end of inflation, W = WI is kept and the conformal invariance is restored. This seems
to be natural assumption, since the coupling function W is, here, dependent on the inflaton
and in general the inflaton falls into a stable state after the end of inflation. Owing to this
condition, we do not need to consider the additional growth of the vector field at late stages,
which is disfavored by observations. In the literature, to identify such the vector field with
the observed magnetic field, the coupling function at the end of inflation WI should be taken
to be unity [9–13].
The evolution of the vector field strongly depends on the power-law index of the coupling
function, n. In order not to spoil inflation due to the backreaction of the energy density of
the vector field, we have a bound on the spectral tilt of the running coupling: |n| . 2.1 (e.g.,
see [12, 13, 50]).
This type of magnetogenesis model has another problem. In case where n > 0 and WI
is taken to be unity, the running coupling constant, W (η), is so small at the beginning of
inflation and it means that the gauge coupling at the beginning of inflation is quite large,
that is, inflation starts at the strong coupling regime. In such regime, we can not treat the
perturbation of the vector field as a free field any more. However, refs. [49, 50] pointed out
the possibility to avoid such a strong coupling problem by the action arising from the UV
completion and including the violation of the gauge invariance as described in theories with
extra dimensions. On the other hand, in ref. [48], the authors mentioned another possibility
that the vector field localizes in a hidden sector and generates real electromagnetic field
through any hidden coupling. In the following discussions, although the solution of the strong
– 3 –
coupling remains unclear, we shall admit the above treatments and continue to discuss about
cosmological imprints of the vector field.
In this paper, we assume the single field slow-roll inflation model where the slow-roll
parameters, ǫ ≡ −H˙/H2 and δ ≡ ϕ¨/(Hϕ˙), are almost constant and much less than unity.
Here H is the Hubble parameter and ˙ ≡ ∂/∂t denotes the derivative with respect to the
physical time. Furthermore, following refs. [49, 50], we obey the isotropic background metric
and perturbatively evaluate impacts of the vector field. One can see comprehensive analyses
of the inflationary perturbations on the anisotropic background in e.g., refs. [42, 44, 59].
Then, we have the relations between background quantities as
η = − 1
aH
1
1− ǫ ,
a
aI
=
(
η
ηI
)1/(ǫ−1)
. (2.4)
2.1 Evolutions of the fluctuations
Let us evaluate the evolution of curvature and tensor perturbations, and the fluctuation of the
vector field, following ref. [50]. Using the Arnowitt-Deser-Misner formalism, each component
of the scalar- and tensor-mode metric up to the first order is given by 2
g00 = −N2 + gijN iN j , g0i = gijN j , gij = a2[(1 + 2R)δij + hij ] , (2.5)
with
N = 1 +
R˙
H
, N i = −∂iR
aH
+ ǫ∂i∇−2R˙ . (2.6)
Here, we obey the gauge, δϕ = 0, and the transverse-traceless condition, ∂ihij = h
i
i = 0.
These metric perturbations and the vector field are quantized as
R(x, η) =
∫
d3k
(2π)3
[
Rk(η)eik·xβ(k, 0) + h.c.
]
,
Ai(x, η) =
∫
d3k
(2π)3
∑
λ=±1
[
vk(η)e
ik·xO
(λ)
i (kˆ)β(k, λ) + h.c.
]
,
hij(x, η) =
∫
d3k
(2π)3
∑
λ=±2
[
hk(η)e
ik·xO
(λ)
ij (kˆ)β(k, λ) + h.c.
]
,
(2.7)
where β(k, λ) and β†(k, λ) are respectively the annihilation and creation operators of R (λ =
0), Ai (λ = ±1) and hij (λ = ±2), and satisfy β(k, λ) |0〉 = 0 and [β(k, λ), β†(k′, λ′)] =
(2π)3δλ,λ′δ(k−k′). In terms of the vector field, we have adopted the Coulomb gauge ∂iAi = 0
and A0 = 0. The explicit forms of the divergenceless vector, O
(±1)
i and transverse-traceless
tensor, O
(±2)
ij , are shown in appendix A. Then, as the mode function of each perturbation,
we have [50, 60]
Rk(η) = Rk∗uν(−kη) ,
vk(η) = vk∗uα(−kη) ,
hk(η) = hk∗uµ(−kη) ,
(2.8)
2For decaying nature, we neglect the vector-mode metric perturbation.
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where we have defined the time-independent and time-dependent functions, respectively, as
Rk∗ = ieiπν/2+iπ/4(1− ǫ)2νΓ(ν) H∗√
ǫMpl
(−kη∗)3/2−ν
k3/2
, (2.9)
vk∗ = −ieiπα/2+iπ/4 2
α−1Γ(α)
π1/2W
1/2
I
(−kηI)1/2−α
k1/2
, (2.10)
hk∗ = −2ieiπµ/2+iπ/4(1− ǫ)2µΓ(µ) H∗
Mpl
(−kη∗)3/2−µ
k3/2
, (2.11)
and
um(x) =
iπxm
2mΓ(m)
H(1)m (x) , (2.12)
with Γ(m) and H
(1)
m (x) being the Gamma function and Hankel function of the first kind,
respectively. Here, the subscript ∗ denotes the value at a given time after the scale of interest
exits the horizon, η = η∗. With the asymptotic form of um(x) at −kη → 0, we find that on
superhorizon scales Rk(η) ≃ Rk∗ and hk(η) ≃ hk∗. Properties of this function are described
in appendix B. Subscripts of this function are determined by the slow-roll parameters and
the spectral index of running coupling as
µ =
3
2
+
ǫ
1− ǫ , α =
1
2
+
n
1− ǫ , ν = µ+
ǫ+ δ
1− ǫ . (2.13)
2.2 Power spectrum of each mode
By use of the above equations, the power spectra of these perturbative quantities are imme-
diately calculated:〈R(k, η)R(k′, η′)〉 = (2π)3Rk(η)R∗k(η′)δ(k+ k′) ,〈
Ai(k, η)Aj(k
′, η′)
〉
= (2π)3vk(η)v
∗
k(η
′)Pij(kˆ)δ(k + k
′) ,〈
hij(k, η)hkl(k
′, η′)
〉
= (2π)3hk(η)h
∗
k(η
′)Πij,kl(kˆ)δ(k + k
′) ,
(2.14)
with
Pij(kˆ) ≡
∑
λ=±1
ǫ
(λ)
i (kˆ)ǫ
(−λ)
j (kˆ) = δij − kˆikˆj ,
Πij,kl(kˆ) ≡
∑
λ=±2
e
(λ)
ij (kˆ)e
(−λ)
kl (kˆ) .
(2.15)
One can find conventions of the polarization vector and tensor, ǫ
(λ)
i and e
(λ)
ij in appendix A.
The vector field can be decomposed into the electric and magnetic components as
Ei(k, η) = −A′i(k, η) ,
Bi(k, η) = iηijkkjAk(k, η) ,
(2.16)
where ′ ≡ ∂/∂η denotes the derivative with respect to the conformal time and ηabc is the
3D antisymmetric tensor normalized as η123 = 1. Hence, the electric and magnetic power
– 5 –
spectra outside the horizon at the end of inflation, namely, −kηI ≪ 1, are respectively given
by
〈
Ei(k, ηI)E
j(k′, ηI)
〉
= (2π)3
PE(k)
2
Pij(kˆ)δ
(
k+ k′
)
,
〈
Bi(k, ηI)B
j(k′, ηI)
〉
= (2π)3
PB(k)
2
Pij(kˆ)δ
(
k+ k′
)
,
PE(k) = 2
|v′k(ηI)|2
a4I
,
PB(k) = 2k
2 |vk(ηI)|2
a4I
.
(2.17)
The magnetic component outside the horizon at the end of inflation re-enters the horizon
at late stages and may become observed magnetic fields in case the vector fields can be
considered as the direct seeds of the present magnetic fields. On the other hand, in such
case the electric component quickly decays due to the large conductivity (see, e.g., [12]).
According to ref. [50], with the WMAP results [53] and the assumption that ǫ = 0.01 and
the instantaneous reheating, the strength of the magnetic field at the present time can be
calculated as
d
d ln k
〈
B2k
〉
=
k3PB(k)a
4
I
2π2
≃ 10−22.8−22.5nB Γ
(
5−nB
2
)2
WIΓ
(
5
2
)2
(
k
Mpc−1
)nB
Gauss2 , (2.18)
where nB ≡ 4 − 2n/(1 − ǫ). This equation expresses that the magnetic field is drastically
suppressed as nB increases. Hence, we can see that for n = 2.1, i.e., nB = −0.2, and WI = 1,
the strongest magnetic field is produced as B1Mpc ≃ 10−9Gauss. This value is comparable
to upper bounds obtained from current CMB observations [23, 26, 27, 29, 34–38] and hence
we can expect that the electromagnetic-scalar and electromagnetic-tensor correlations also
have detectable impacts on CMB fluctuations. Thus, in section 4, we focus on the analysis
of CMB signals for nB = −0.2, i.e., n = 2.1 and in order to treat more generic case we also
study the effect of the electric component without considering the dilution of it.
3 Primordial cross-bispectra
In this section, we calculate the primordial cross-bispectra between two electromagnetic fields
and one curvature perturbation (〈REE〉 and 〈RBB〉), and those between two electromag-
netic fields and one gravitational wave (〈hEE〉 and 〈hBB〉) 3.
As a powerful tool to compute the higher-order correlation in the inflationary Universe,
we utilize the in-in formalism [61, 62]. In this formalism, the expectation value of the time-
dependent operator in the interaction picture, O(t), is given by
〈O(t)〉 =
〈
0
∣∣∣∣ (Te−i ∫ Hint(t′)dt′)†O(t)Te−i ∫ Hint(t′)dt′
∣∣∣∣ 0
〉
, (3.1)
3We do not deal with 〈REB〉 and 〈hEB〉 because these correlations do not generate the CMB signals as
seen in section 4.
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where T andHint(t) are the time-ordering operator and interaction Hamiltonian, respectively.
To compute the tree-level bispectra of primordial fluctuations, it is only necessary to use the
first-order expression as
〈O(η)〉 = −2Im
∫ η
−∞
dη′
〈
0
∣∣ : Hint(η′) : O(η) ∣∣ 0〉 , (3.2)
where : : denotes the normal product. In the following discussion, we equate 〈REE〉,
〈RBB〉, 〈hEE〉 and 〈hBB〉 to 〈O(η)〉.
3.1 Electromagnetic-scalar bispectra; 〈REE〉 and 〈RBB〉
Expanding the action (2.2) to linear order in R leads to
S
(R)
V =
∫
dηd3xW (ϕ)
{(
3R+ R
′
aH
)(
1
2
A′2i −
1
4
F 2ij
)
−
[(
R+ R
′
aH
)
A′2i −RF 2ij −
∂iR
aH
A′jFij + ǫ∂i(∇−2R′)A′jFij
]}
.(3.3)
Hence, the interaction Hamiltonian of the scalar part is derived as [50]
H
(R)
int (η1) =
[
3∏
n=1
∫
d3k′n
(2π)3
]
(2π)3δ
(
3∑
n=1
k′n
)
×
(
−W (η1)
2
)
×
{(
R(k′1, η1)−
R′(k′
1
, η1)
a(η1)H(η1)
)
×
[
δijA′i(k2
′, η1)A
′
j(k3
′, η1)− (δijδkl − δilδjk)k′2kk′3lAi(k2′, η1)Aj(k3′, η1)
]
− R(k1
′, η1)
a(η1)H(η1)
k′1k
[
k′3l(δ
ijδkl − δilδjk)A′i(k2′, η1)Aj(k3′, η1) + (2↔ 3)
]}
.
(3.4)
Here, we have neglected the terms of order ǫ. Note that this is equivalent to the interaction
Hamiltonian in Ref. [55] containing the total time derivative term. Substituting equation (3.4)
into equation (3.2) and overcoming somewhat complicated calculation, one obtain the explicit
form of the electromagnetic-scalar bispectrum (Y = E,B) as
〈R(k1, η)Y i(k2, η)Yj(k3, η)〉 = (2π)3δ
(
3∑
n=1
kn
)
×A(R)(k1, k2, k3, η)
[
4∑
n=1
KRY Yn N Y (n)ij
]
, (3.5)
where
A(R)(k1, k2, k3, η) = |Rk1∗|
2|vk2∗|2|vk3∗|2
a4(η)
WI(−k1ηI)
2n
1−ǫ . (3.6)
– 7 –
KRY Y ’s and N Yij ’s involve the time integrals and angular dependence arising from contrac-
tions, which are respectively given by
KREE1 (k1, k2, k3) = −4k1 Im u∗ν(−k1η)u′∗α (−k2η)u′∗α (−k3η)
×
∫ ∞
τ
dτ1τ
− 2n
1−ǫ
1
(
1 + (1− ǫ)τ1 d
dτ1
)
uν(τ1)
d
dτ1
uα(x2τ1)
d
dτ1
uα(x3τ1) ,
KREE2 (k1, k2, k3) = 2
k2k3
k1
Im u∗ν(−k1η)u′∗α (−k2η)u′∗α (−k3η)
×
∫ ∞
τ
dτ1τ
− 2n
1−ǫ
1
(
1 + (1− ǫ)τ1 d
dτ1
)
uν(τ1)uα(x2τ1)uα(x3τ1) ,
KREE3 (k1, k2, k3) = 2
k2k3
k1
Im u∗ν(−k1η)u′∗α (−k2η)u′∗α (−k3η)
×
∫ ∞
τ
dτ1τ
1− 2n
1−ǫ
1 (1− ǫ)uν(τ1)uα(x2τ1)
d
dτ1
uα(x3τ1) ,
KREE4 (k1, k2, k3) = K
REE
3 (k1, k3, k2) ,
KRBB1 (k1, k2, k3) = −4k1k2k3 Im u∗ν(−k1η)u∗α(−k2η)u∗α(−k3η)
×
∫ ∞
−k1η
dτ1τ
− 2n
1−ǫ
1
(
1 + (1− ǫ)τ1 d
dτ1
)
uν(τ1)
d
dτ1
uα(x2τ1)
d
dτ1
uα(x3τ1) ,
KRBB2 (k1, k2, k3) = 2
k22k
2
3
k1
Im u∗ν(−k1η)u∗α(−k2η)u∗α(−k3η)
×
∫ ∞
−k1η
dτ1τ
− 2n
1−ǫ
1
(
1 + (1− ǫ)τ1 d
dτ1
)
uν(τ1)uα(x2τ1)uα(x3τ1) ,
KRBB3 (k1, k2, k3) = 2
k22k
2
3
k1
Im u∗ν(−k1η)u∗α(−k2η)u∗α(−k3η)
×
∫ ∞
−k1η
dτ1τ
1− 2n
1−ǫ
1 (1− ǫ)uν(τ1)uα(x2τ1)
d
dτ1
uα(x3τ1) ,
KRBB4 (k1, k2, k3) = K
RBB
3 (k1, k3, k2) ,
(3.7)
and
NE(1)ij = −
1
2
Pik(kˆ2)Pjk(kˆ3) ,
NE(2)ij = −kˆ2 · kˆ3Pik(kˆ2)Pjk(kˆ3) + kˆ2lkˆ3kPik(kˆ2)Pjl(kˆ3) ,
NE(3)ij = −
(
k2
k3
+ kˆ2 · kˆ3
)
Pik(kˆ2)Pjk(kˆ3) + kˆ2lkˆ3kPik(kˆ2)Pjl(kˆ3) ,
NE(4)ij = −
(
k3
k2
+ kˆ2 · kˆ3
)
Pik(kˆ2)Pjk(kˆ3) + kˆ2lkˆ3kPik(kˆ2)Pjl(kˆ3) ,
NB(1)ij =
1
2
(
kˆ2 · kˆ3δij − kˆ2j kˆ3i
)
,
NB(2)ij = (kˆ2 · kˆ3)2δij − kˆ2 · kˆ3kˆ2j kˆ3i + ηimnkˆ2mkˆ3nηjklkˆ2kkˆ3l ,
NB(3)ij =
(
kˆ2 · kˆ3 + k2
k3
)(
kˆ2 · kˆ3δij − kˆ2j kˆ3i
)
+ ηimnkˆ3mkˆ2nηjklkˆ3kkˆ2l ,
NB(4)ij =
(
kˆ2 · kˆ3 + k3
k2
)(
kˆ2 · kˆ3δij − kˆ2j kˆ3i
)
+ ηimnkˆ2mkˆ3nηjklkˆ2kkˆ3l .
(3.8)
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Here, τ1 ≡ −k1η1, x2 ≡ k2/k1 and x3 ≡ k3/k1. Note that unlike ref. [50], in equation (3.5), we
do not perform the contraction between electromagnetic fields. It is because off-diagonal com-
ponents of the electromagnetic-scalar bispectrum create significant signals on CMB anisotropies.
To see behaviors of these cross-bispectra at the end of inflation on superhorizon scales
(−kηI ≪ 1), let us focus on two specific cases: n = ±2, i.e., α = 5/2 and −3/2. Then,
explicit forms of KRY Y ’s are given in appendix C. Taking into account the ηI -dependence of
KRY Y ’s and A(R), we can find a fact:
〈REE〉n=2 ∝ (−kηI)−2 , 〈RBB〉n=2 ∝ (−kηI)−4 ,
〈REE〉n=−2 ∝ (−kηI)−4 , 〈RBB〉n=−2 ∝ (−kηI)−2 .
(3.9)
This implies that the electric (magnetic) contribution dominates over the cross-bispectrum
for n = −2 (n = 2). Such inverted behavior between 〈REE〉 and 〈RBB〉 under the sign
reversal of n may be observed for any n.
3.2 Electromagnetic-tensor bispectra; 〈hEE〉 and 〈hBB〉
In the same manner as the scalar case, expanding the action (2.2) to linear order in hij as
S
(h)
V = −
∫
dηd3x
W (ϕ)
2
[
hijA′iA
′
j − hijδkl(∂iAk∂jAl + ∂kAi∂lAj) + 2hijδkl∂iAk∂lAj
]
,
(3.10)
and transforming into the Fourier components, we gain the tensor-part interaction Hamilto-
nian:
H
(h)
int (η1) =
[
3∏
n=1
∫
d3k′n
(2π)3
]
(2π)3δ
(
3∑
n=1
k′n
)
W (η1)
2
×{hij(k′1, η1)A′i(k2′, η1)A′j(k′3, η1)
+
[
δijhkl(k′1, η1) + δ
klhij(k′1, η1)− 2δilhkj(k′1, η1)
]
×k′2kk′3lAi(k′2, η1)Aj(k′3, η1)
}
. (3.11)
Substituting this Hamiltonian into equation (3.2), we have
〈
hij(k1, η)Y
k(k2, η)Yl(k3, η)
〉
= (2π)3δ
(
3∑
n=1
kn
)
×A(h)(k1, k2, k3, η)
[
2∑
n=1
KhY Yn N Y (n)ijkl
]
, (3.12)
where
A(h)(k1, k2, k3, η) ≡ |hk1∗|
2|vk2∗|2|vk3∗|2
a4(η)
WI(−k1ηI)
2n
1−ǫ . (3.13)
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In the tensor case, the time integrals and angular-dependent parts are summarized as
KhEE1 ≡ 2k1 Im u∗µ(−k1η)u′∗α (−k2η)u′∗α (−k3η)
×
∫ ∞
−k1η
dτ1 τ
− 2n
1−ǫ
1 uµ(τ1)
∂
∂τ1
uα(x2τ1)
∂
∂τ1
uα(x3τ1) ,
KhEE2 ≡ 2
k2k3
k1
Im u∗µ(−k1η)u′∗α (−k2η)u′∗α (−k3η)
×
∫ ∞
−k1η
dτ1 τ
− 2n
1−ǫ
1 uµ(τ1)uα(x2τ1)uα(x3τ1) ,
KhBB1 ≡ 2k1k2k3 Im u∗µ(−k1η)u∗α(−k2η)u∗α(−k3η)
×
∫ ∞
−k1η
dτ1 τ
− 2n
1−ǫ
1 uµ(τ1)
∂
∂τ1
uα(x2τ1)
∂
∂τ1
uα(x3τ1) ,
KhBB2 ≡ 2
(k2k3)
2
k1
Im u∗µ(−k1η)u∗α(−k2η)u∗α(−k3η)
×
∫ ∞
−k1η
dτ1 τ
− 2n
1−ǫ
1 uµ(τ1)uα(x2τ1)uα(x3τ1) ,
(3.14)
and
NE(1)ijkl = −Πmn,ij(kˆ1)Pkm(kˆ2)Pln(kˆ3) ,
NE(2)ijkl = −kˆ2mkˆ3nΠmn,ij(kˆ1)Pkr(kˆ2)Plr(kˆ3)− kˆ2 · kˆ3Πmn,ij(kˆ1)Pkm(kˆ2)Pln(kˆ3)
+ Πmn,ij(kˆ1)
[
Pkr(kˆ2)Pln(kˆ3)kˆ2mkˆ3r + Pkn(kˆ2)Plr(kˆ3)kˆ3mkˆ2r
]
,
NB(1)ijkl = Πmn,ij(kˆ1)ηkrmηlqnkˆ2rkˆ3q ,
NB(2)ijkl = Πmn,ij(kˆ1)δqr kˆ2skˆ3t
×
(
ηksqηltrkˆ2mkˆ3n + ηksmηltnkˆ2qkˆ3r − ηksqηltnkˆ2mkˆ3r − ηksnηltqkˆ2rkˆ3m
)
.
(3.15)
In the same manner as the scalar case, we analyze the cases for n = ±2. From the
combination of analytic expressions of KhY Y ’s described in appendix C and A(T ), we find
the scaling relations as
〈hEE〉n=2 ∝ (kηI)−2 , 〈hBB〉n=2 ∝ (kηI)−4 ,
〈hEE〉n=−2 ∝ (kηI)−4 , 〈hBB〉n=−2 ∝ (kηI)−2 .
(3.16)
This dependence is identical to the scalar counterpart; hence for positive (negative) n, mag-
netic (electric) part dominates over the cross-bispectrum.
4 CMB power spectra
In this section, we discuss impacts of the electromagnetic-scalar (3.5) and electromagnetic-
tensor (3.12) bispectra on CMB fluctuations. Then, notice that we do not deal with CMB
bispectra but CMB power spectra because the CMB fluctuation arise quadratically from
electromagnetic fields.
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4.1 Formulation
CMB anisotropies are quantified by one intensity (X = I) and two linear polarization (E ,B)
fields for the scalar (Z = S), vector (V ) and tensor (T ) modes 4. These are expanded by the
spherical harmonics as
∆X(Z)(nˆ)
X(Z)
=
∑
ℓm
a
(Z)
X,ℓmYℓm(nˆ) . (4.1)
Then, each coefficient is expressed as [63, 64]
a
(Z)
X,ℓm = 4π(−i)ℓ
∫
k2dk
(2π)3
T (Z)X,ℓ (k)
∑
λ
[sgn(λ)]λ+xξ
(λ)
ℓm (k) ,
ξ
(λ)
ℓm (k) =
∫
d2kˆ−λY
∗
ℓm(kˆ)ξ
(λ)(k) ,
(4.2)
where λ denotes the helicity of each perturbation: λ = 0 (Z = S), ±1 (V ) and ±2 (T ),
and x discriminates the parity of each field: x = 0 (X = I, E) and 1 (B), respectively. ξ(λ)
expresses the initial perturbation as ξ(0) ≡ R and ξ(±2) ≡ h(±2) = 12O
(∓2)
ij hij , and T (Z)X,ℓ is the
transfer function derived from the line-of-sight integral.
As seen in equation (4.2), CMB anisotropies depend strongly on the magnitude of the
initial fluctuations. Electromagnetic parts of the vector field also affect CMB anisotropies
via the primordial perturbations as follows and those can generate both the scalar and the
tensor modes. If electromagnetic fields exist in the radiation-dominated era, their anisotropic
stresses act as sources of scalar and tensor metric perturbations. Due to this, on superhorizon
scales logarithmically-growing metric perturbations arise prior to neutrino decoupling. After
this, however, neutrino anisotropic stresses emerge and compensate for electromagnetic ones;
therefore the enhancement of metric perturbations ceases. Consequently, we have [24, 37]
ξ
(0)
A (k) ≈ Rγ ln
(
ην
ηI
)
3
2
O
(0)
ij (kˆ)ΠAij(k) ,
ξ
(±2)
A (k) ≈ 6Rγ ln
(
ην
ηI
)
1
2
O
(∓2)
ij (kˆ)ΠAij(k) ,
(4.3)
where ην is the conformal time of neutrino decoupling, Rγ ≈ 0.6 is the ratio of the en-
ergy density between photons and all relativistic particles, and a subscript A denotes the
quantity originated from electric and magnetic parts of the vector field. ΠAij means the
time-independent energy momentum tensor of the residual electromagnetic field after the
end of inflation as
ΠiAj(k) = −
WI
4πργ(η)
∫
d3k′
(2π)3
∑
Y=E,B
Y i(k′, η)Yj(k− k′, η)
= − WIa
4
I
4πργ,0
∫
d3k′
(2π)3
∑
Y=E,B
Y i(k′, ηI)Yj(k− k′, ηI) , (4.4)
with ργ and ργ,0 being the photon energy density and its present value, respectively. Note
that due to Y i ∝ W−1/2I , ΠiAj is independent of WI . This induces the absence of WI in
4Here, we neglect the circular polarization.
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ξ
(λ)
A . The metric perturbations outside the horizon behave as initial conditions of the CMB
anisotropies of the scalar and tensor modes. Strictly speaking, electromagnetic fields also
urge the modification of the transfer function. However, this change is negligible at large
scales [24] and hence we use the transfer functions without depending on electromagnetic
fields [64–66] in our numerical calculation.
On the other hand, electromagnetic fields also generate the CMB fluctuation of the
vector mode because the vector-mode anisotropic stress equates to the Lorentz force and this
supports the growth of the vorticity at recombination. Thus, the electromagnetic vector mode
produces characteristic transfer function [19, 20, 35]. As the initial vector-mode perturbation,
we adopt the fluctuation of the electromagnetic anisotropic stress as [37, 64, 67]
ξ
(±1)
A (k) ≈
1
2
O
(∓1)
ij (kˆ)ΠAij(k) . (4.5)
Equations (4.3), (4.4) and (4.5) imply the quadratic dependence of the initial perturbations
on electromagnetic fields. This means that 〈REE〉 , 〈RBB〉 , 〈hEE〉 and 〈hBB〉, which are
given by equations (3.5) and (3.12), equate to the power spectra of the initial perturbations
as
〈
ξ(λ1)ξ
(λ2)
A
〉
, and therefore become sources of CMB power spectra.
From here, let us focus on a formulation of the CMB power spectra, which is expressed
as 〈
2∏
n=1
a
(Zn)
Xn,ℓnmn
〉
=

 2∏
n=1
4π(−i)ℓn
∫
k2ndkn
(2π)3
T (Zn)Xn,ℓn(kn)
∑
λn
[sgn(λn)]
λn+xn


×
〈
ξ
(λ1)
ℓ1m1
(k1)ξ
(λ2)
A,ℓ2m2
(k2)
〉
. (4.6)
At first, we should reduce the initial angular power spectra obtained from equations (3.5),
(3.12), (4.3), (4.4) and (4.5) as〈
ξ
(λ1)
ℓ1m1
(k1)ξ
(λ2)
A,ℓ2m2
(k2)
〉
= C ′−λ2
(
− WIa
4
I
4πργ,0
)
(−1)ℓ2+λ2
∫
d2kˆ1−λ1Y
∗
ℓ1m1(kˆ1)λ2Y
∗
ℓ2m2(kˆ1)
×
∫
k′22 dk
′
2
∫
k′23 dk
′
3
∫
d2kˆ′
2
∫
d2kˆ′
3
Fλ1λ2(k1,k
′
2,k
′
3)
×δ(k1 + k′2 + k′3)
δ(k1 − k2)
k21
, (4.7)
with
F0,λ2(k1,k
′
2,k
′
3) ≡ A(R)(k1, k′2, k′3, ηI)
×
∑
Y=E,B
4∑
n=1
KRY Yn (k1, k
′
2, k
′
3)O
(λ2)
ij (kˆ1)N Y (n)ij (kˆ′2, kˆ′3) ,
F±2,λ2(k1,k
′
2,k
′
3) ≡ A(h)(k1, k′2, k′3, ηI)
×
∑
Y=E,B
2∑
n=1
KhY Yn (k1, k
′
2, k
′
3)
1
2
e
(−λ1)
ij (kˆ1)O
(λ2)
kl (kˆ1)N Y (n)ijkl (kˆ1, kˆ′2, kˆ′3) ,
C ′−λ2 ≡


3
2Rγ ln (ην/ηI) (λ2 = 0)
1
2 (λ2 = ±1)
3Rγ ln (ην/ηI) (λ2 = ±2)
.
(4.8)
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Here, we have decomposed the delta function into
δ(k1 + k2) =
δ(k1 − k2)
k21
δ(kˆ1 + kˆ2) . (4.9)
For performing the angular integrals in the Fourier space, it is convenient to expand all
angular dependent parts by the spin spherical harmonics. Then, the delta function is given
by
δ(k1 + k
′
2 + k
′
3) = 8
∫ ∞
0
y2dy
∑
L1L2L3
M1M2M3
(−1)L1+L2+L32 jL1(k1y)jL2(k′2y)jL3(k′3y)
×Y ∗L1M1(kˆ1)Y ∗L2M2(kˆ′2)Y ∗L3M3(kˆ′3)I0 0 0L1L2L3
(
L1 L2 L3
M1 M2 M3
)
, (4.10)
where jL(x) is the spherical Bessel function and the I symbol is defined by
Is1s2s3l1l2l3 ≡
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
(
l1 l2 l3
s1 s2 s3
)
. (4.11)
Fλ1λ2 ’s also involve the angular dependence. Taking the contractions by use of the conven-
tions shown in appendix A and refs. [64, 68], we have:
F0,λ2 = Cλ2A(R)
∑
L′L′′

 ∑
Y=E,B
3∑
n=1
KRY Yn (k1, k′2, k′3)VY (n)L′L′′


×
∑
MM ′M ′′
−λ2Y
∗
2M (kˆ1)Y
∗
L′M ′(kˆ
′
2
)Y ∗L′′M ′′(kˆ
′
3
)
(
2 L′ L′′
M M ′ M ′′
)
,
F±2,λ2 = Cλ2A(h)
∑
LL′L′′

 ∑
Y=E,B
2∑
n=1
KhY Yn (k1, k
′
2, k
′
3)VY (n)LL′L′′

 I−λ1λ2−s2 2 L
× (−1)s+L+L′+L′′
∑
MM ′M ′′
−sY
∗
LM (kˆ1)Y
∗
L′M ′(kˆ
′
2
)Y ∗L′′M ′′(kˆ
′
3
)
(
L L′ L′′
M M ′ M ′′
)
,
(4.12)
where s ≡ λ2 − λ1 and
Cλ2 ≡


−2 (λ2 = 0)
2
√
3λ2 (λ2 = ±1)
2
√
3 (λ2 = ±2)
. (4.13)
New functions for λ1 = 0 and ±2 are respectively given by
KRY Y1 = −
1
2
KRY Y1 −
k2
k3
KRY Y3 −
k3
k2
KRY Y4 , (4.14)
KRY Y2 = −KRY Y2 −KRY Y3 −KRY Y4 , (4.15)
KRY Y3 = −KRY Y2 , (4.16)
VE(1)L′L′′ = −4I01−1211
(
4π
3
)3
I01−1L′11 I
01−1
L′′11
(
δL′,0 + δL′,2
) (
δL′′,0 + δL′′,2
){ 2 L′ L′′
1 1 1
}
, (4.17)
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VE(2)L′L′′ = 4I01−1211
(
4π
3
)4 ∑
p2,p3=0,2
I01−1p211 I
01−1
p311
I0001p2L′I
000
1p3L′′
{
2 p2 p3
1 1 1
}{
2 L′ L′′
1 p3 p2
}
,(4.18)
VE(3)L′L′′ = 4I01−1211
(
4π
3
)4 ∑
p2,p3=0,2
I01−1p211 I
01−1
p311
I0001p2L′I
000
1p3L′′


2 L′ L′′
1 p2 1
1 1 p3

 , (4.19)
VB(1)L′L′′ = I01−1211
(
4π
3
)2
δL′,1δL′′,1 , (4.20)
VB(2)L′L′′ = −I01−1211
(
4π
3
)3
I00011L′I
000
11L′′
{
2 L′ L′′
1 1 1
}
, (4.21)
VB(3)L′L′′ = −6I01−1211
(
4π
3
)3
I00011L′I
000
11L′′


2 L′ L′′
1 1 1
1 1 1

 , (4.22)
and
VE(1)LL′L′′ = −8
√
3
(
I01−1211
)2(4π
3
)4
(−1)L+L′+L′′
×(δL′,0 + δL′,2)(δL′′,0 + δL′′,2)I01−1L′11 I01−1L′′11


L L′ L′′
2 1 1
2 1 1

 , (4.23)
VE(2)LL′L′′ = 8
√
3
(
I01−1211
)2(4π
3
)5 ∑
p2,p3=0,2
I01−1p211 I
01−1
p311
{
2 p2 p3
1 1 1
}
I0001p2L′I
000
1p3L′′


L L′ L′′
2 p2 p3
1 1 1


+8
√
3
(
I01−1211
)2(4π
3
)5 ∑
p2,p3=0,2
I01−1p211 I
01−1
p311


L p2 p3
2 1 1
2 1 1


×I0001p2L′I0001p3L′′(−1)L
′+L′′
{
L L′ L′′
1 p3 p2
}
−8
√
3
(
I01−1211
)2(4π
3
)5 ∑
p2,p3
I−1101p2L′I
10−1
11p2
(δL′,1 + δL′,3)I
−110
1p3L′′
I10−111p3 (δL′′,1 + δL′′,3)
× [1 + (−1)p2+p3]{ 2 p2 p3
1 1 1
}

L L′ L′′
2 p2 p3
2 1 1

 , (4.24)
VB(1)LL′L′′ = −2
√
3
(
I01−1211
)2(4π
3
)3
6


L 1 1
2 1 1
2 1 1

 δL′,1δL′′,1 , (4.25)
VB(2)LL′L′′ = −2
√
3
(
I01−1211
)2(4π
3
)4
I00011L′I
000
11L′′


L L′ L′′
2 1 1
2 1 1


+2
√
3
(
I01−1211
)2(4π
3
)4
6(−1)LI00011L′I00011L′′


L 1 1
2 1 1
2 1 1


{
L L′ L′′
1 1 1
}
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+2
√
3
(
I01−1211
)2(4π
3
)5
4
(
δL′,0 + δL′,2
)
I1−10111 I
000
11L′′
×
∑
Lp=1,2
I10−1Lp11 I
1−10
Lp1L′


L Lp 1
2 1 1
2 1 1


{
L L′ L′′
1 1 Lp
}
+2
√
3
(
I01−1211
)2(4π
3
)5
4
(
δL′′,0 + δL′′,2
)
I1−10111 I
000
11L′(−1)L
×
∑
Lp=1,2
I10−1Lp11 I
1−10
Lp1L′′


L Lp 1
2 1 1
2 1 1


{
L L′ L′′
1 Lp 1
}
. (4.26)
For calculating the tensor mode, we have used equation (A.5). By the Wigner symbols, the
integrals of these spin spherical harmonics reduce to∫
d2kˆ1Y
∗
ℓ1m1λ2Y
∗
ℓ2m2−λ2Y
∗
2MY
∗
L1M1 =
∑
L′′′M ′′′
I0 0 0ℓ1L1L′′′I
−λ2λ20
ℓ2 2 L′′′
× (−1)M ′′′
(
ℓ1 L1 L
′′′
m1 M1 M
′′′
)(
ℓ2 2 L
′′′
m2 M −M ′′′
)
,∫
d2kˆ1−λ1Y
∗
ℓ1m1λ2Y
∗
ℓ2m2−sY
∗
LMY
∗
L1M1 =
∑
L′′′M ′′′
Iλ10−λ1ℓ1L1L′′′I
−λ2sλ1
ℓ2 L L′′′
× (−1)M ′′′
(
ℓ1 L1 L
′′′
m1 M1 M
′′′
)(
ℓ2 L L
′′′
m2 M −M ′′′
)
,∫
d2kˆ′
2
Y ∗L2M2Y
∗
L′M ′ = (−1)M
′
δL2,L′δM2,−M ′ ,∫
d2kˆ′
3
Y ∗L3M3Y
∗
L′′M ′′ = (−1)M
′′
δL3,L′′δM3,−M ′′ .
(4.27)
Furthermore, the summations of Wigner symbols over azimuthal quantum numbers result in
∑
M ′M ′′
∑
M2M3
(
L L′ L′′
M M ′ M ′′
)(
L1 L2 L3
M1 M2 M3
)
(−1)M ′+M ′′δL2,L′δM2,−M ′δL3,L′′δM3,−M ′′
=
1
2L+ 1
(−1)MδL1,LδM1,−M(−1)L+L
′+L′′δL2,L′δL3,L′′ ,∑
M ′′′MM1
(−1)M+M ′′′
(
ℓ1 L1 L
′′′
m1 M1 M
′′′
)(
ℓ2 L L
′′′
m2 M −M ′′′
)
δL1,LδM1,−M
=
(−1)ℓ1+L+L′′′
2ℓ1 + 1
δL1,L(−1)m1δℓ1,ℓ2δm1,−m2 .
(4.28)
Here, the scalar-mode counterpart corresponds to the case where L = 2. By the selection
rules of Wigner symbols [64, 68], we can simplify the summations over L′′′ for λ1 = 0 and
±2, respectively, as
∑
L′′′
I0 0 0ℓ12L′′′I
−λ2λ20
ℓ12L′′′
=
5(2ℓ1 + 1)
4π
δλ2,0 ,
I−λ1λ2−s2 2 L1
∑
L′′′
(−1)L′′′Iλ10−λ1ℓ1L1L′′′I
−λ2sλ1
ℓ1L1L′′′
= δλ1,λ2I
−λ1λ10
2 2 L1
(−1)ℓ1+L1
∑
L′′′
(
Iλ10−λ1ℓ1L1L′′′
)2
.
(4.29)
– 15 –
These results ensure that the couplings between different circular modes, such as
〈
ξ(0)ξ
(±1,±2)
A
〉
,
vanish. Due to this fact, the CMB power spectrum of the vector mode does not arise from
the electromagnetic-scalar and electromagnetic-tensor bispectra. From the above treatments,
the initial angular power spectra for λ1 = 0 and ±2 (4.7) can respectively reduce to
〈
ξ
(0)
ℓ1m1
(k1)ξ
(λ2)
A,ℓ2m2
(k2)
〉
= (−1)m1δℓ1,ℓ2δm1,−m2δλ2,0(−3)Rγ ln
(
ην
ηI
)(
− a
4
I
4πργ,0
)
(−1)ℓ1
×
∫ ∞
0
y2dyj2(k1y)
2
π
δ(k1 − k2)
k21
∑
L2L3
(−1) 2+L2+L32 I0 0 02L2L3
×
[
3∏
n=2
∫
k′2n dk
′
njLn(k
′
ny)
]
WIA(R)(k1, k′2, k′3, ηI)
×

 ∑
Y=E,B
3∑
n=1
KRY Yn (k1, k′2, k′3)VY (n)L2L3

 , (4.30)
〈
ξ
(λ1)
ℓ1m1
(k1)ξ
(λ2)
A,ℓ2m2
(k2)
〉
= (−1)m1δℓ1,ℓ2δm1,−m2δλ1,λ26
√
3Rγ ln
(
ην
ηI
)(
− a
4
I
4πργ,0
)
(−1)ℓ1
×
∑
L1=0,2,4
I−λ1λ102 2 L1
[∑
L′′′
(
Iλ10−λ1ℓ1L1L′′′
)2] 1
(2L1 + 1)(2ℓ1 + 1)
×8
∫ ∞
0
y2dyjL1(k1y)
δ(k1 − k2)
k21
∑
L2L3
(−1)L1+L2+L32 I0 0 0L1L2L3
×
[
3∏
n=2
∫
k′2n dk
′
njLn(k
′
ny)
]
WIA(h)(k1, k′2, k′3, ηI)
×

 ∑
Y=E,B
2∑
n=1
KhY Yn (k1, k
′
2, k
′
3)VY (n)L1L2L3

 . (4.31)
Note that (−1)m1δℓ1,ℓ2δm1,−m2 enforces the rotational invariance of the initial and CMB
power spectrum.
In order to convert into CMB power spectra, we substitute these equations into equa-
tion (4.6). As a result, we obtain final formulae for CMB power spectra of the scalar and
tensor modes, respectively, as
〈
2∏
n=1
a
(Zn)
Xn,ℓnmn
〉
= C
(Z1Z2)
X1X2,ℓ1
(−1)m1δℓ1,ℓ2δm1,−m2 , (4.32)
C
(SZA)
X1X2,ℓ1
= δS,ZAδx2,0(−3)Rγ ln
(
ην
ηI
)(
− a
4
I
4πργ,0
)
×
∫ ∞
0
y2dy
2
π
∫
k21dk1j2(k1y)T (S)X1,ℓ1(k1)T
(S)
X2,ℓ1
(k1)
×
∑
L2L3
(−1) 2+L2+L32 I0 0 02L2L3
[
3∏
n=2
∫
k′2n dk
′
n
2π2
jLn(k
′
ny)
]
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×WIA(R)(k1, k′2, k′3, ηI)

 ∑
Y=E,B
3∑
n=1
KRY Yn (k1, k′2, k′3)VY (n)L2L3

 , (4.33)
C
(TZA)
X1X2,ℓ1
= δT,ZA(δx1,0δx2,0 + δx1,1δx2,1)6
√
3Rγ ln
(
ην
ηI
)(
− a
4
I
4πργ,0
)
×
∑
L1=0,2,4
2I−22022L1
[∑
L′′′
(
I2 0 −2ℓ1L1L′′′
)2] 1
(2L1 + 1)(2ℓ1 + 1)
×8
∫ ∞
0
y2dy
∫
k21dk1jL1(k1y)T (T )X1,ℓ1(k1)T
(T )
X2,ℓ1
(k1)
×
∑
L2L3
(−1)L1+L2+L32 I0 0 0L1L2L3
[
3∏
n=2
∫
k′2n dk
′
n
2π2
jLn(k
′
ny)
]
×WIA(h)(k1, k′2, k′3, ηI)

 ∑
Y=E,B
2∑
n=1
KhY Yn (k1, k
′
2, k
′
3)VY (n)L1L2L3

 .
(4.34)
In the derivation of equation (4.34), we have performed the summation over λ1 = ±2 and λ2
as 
 2∏
n=1
∑
λn
[sgn(λn)]
λn+xn

 δλ1,λ2I−λ1λ102 2 L1
(
Iλ10−λ1ℓ1L1L′′′
)2
=

2I
−220
22L1
(
I2 0 −2ℓ1L1L′′′
)2
(x1 + x2 + L1 = even)
0 (x1 + x2 + L1 = odd)
. (4.35)
From these expressions, we can see that due to A(R,h) ∝ W−1I , CMB power spectra are
independent of WI . Therefore, the behaviors and amplitudes of CMB power spectra are
determined by only the spectral tilt of the running coupling, n, except some inflationary
parameters.
4.2 Numerical results
Here, we analyze CMB signals through the numerical computation of CMB power spectra,
which are given by (4.33) and (4.34). Let us consider the case where the strength of the
magnetic part is maximized without spoiling inflation, namely, n = 2.1. As mentioned
in section 2, the CMB signals for this case may be enhanced to the level we can observe.
Considering the standard single field slow-roll inflation, the slow-roll parameters are small,
i.e., ǫ, δ ≪ 1, and the tensor-to-scalar ratio denoted by r can be related with the slow-roll
parameter as r = 16ǫ. Neglecting the slow-roll corrections, we fix the parameters as α = 2.6
and ν = µ = 3/2 and hence we have
WIA(R)(k1, k′2, k′3, ηI) = 224.575
H2∗
ǫM2pl
H4.2I a
0.2
I k
1.2
1 k
′−5.2
2 k
′−5.2
3 , (4.36)
WIA(h)(k1, k′2, k′3, ηI) =
r
4
WIA(R)(k1, k′2, k′3, ηI) . (4.37)
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For explicitly obtaining the CMB power spectra, we also need concrete forms of KRY Y ’s
and KhY Y ’s. However, calculation of these for α = 2.6 is so complicated that we here
substitute the expressions for α = 5/2. In appendix C, these analytical forms are provided
and we found that KREE and KhEE are negligible compared with KRBB and KhBB due
to the suppression by (−kηI)2. In addition, we notice that in KRBB ’s and KhBB ’s, only
KRBB2 ,KRBB3 and KhBB2 involve the terms which grow logarithmically outside the horizon
as ln(−ωηI) with ω ≡ k1 + k′2 + k′3. Considering the contributions on the interesting scales
to calculate the CMB signals, namely, 10−6 . k ×Mpc . 0.1, ln(−ωηI) is just identical to
the e-folding number and it is about −60 ∼ −50. On the other hand, the other terms in
KRBB2 ,KRBB3 and KhBB2 have the power-law dependence on k and their coefficients are order
of unity. Therefore, we believe that the logarithmic terms dominate over KRBB2 ,KRBB3 and
KhBB2 . Following this concept, we use such approximate forms as
KRBB2 = −KRBB3 ≃ −
160k′22 k
′2
3
k1
,
KhBB2 ≃
40k′22 k
′2
3
k1
,
(4.38)
and neglect other K’s and K’s.
Figure 1 shows the CMB II (left top panel), IE (right top one), EE (left bottom
one) and BB (right bottom one) power spectra generated from 〈RY Y 〉 (red solid curves)
and 〈hY Y 〉 (green dashed ones) respectively given by equations (4.33) and (4.34) (hereafter
referred to as the SSA and TTA cases, respectively). For comparison, we also plot the CMB
power spectra induced by the scalar (blue dotted curves) and tensor (magenta dot-dashed
ones) auto-correlations, which are formulated as
C
(SS)
X1X2,ℓ1
=
2
π
∫
k21dk1PR(k1)T (S)X1,ℓ1(k1)T
(S)
X2,ℓ1
(k1) , (4.39)
C
(TT )
X1X2,ℓ1
=
2
π
∫
k21dk1Ph(k1)T (T )X1,ℓ1(k1)T
(T )
X2,ℓ1
(k1) , (4.40)
(hereafter referred to as the SS and TT cases, respectively). Here, PR(k) = |Rk∗|2 and
Ph(k) = 2|hk∗|2 are power spectra of primordial curvature perturbations and primordial
gravitational waves on the superhorizon scales, respectively. To obtain these spectra, we used
the modified version of the Boltzmann Code for Anisotropies in the Microwave Background
(CAMB) [20, 69] and the Common Mathematical Library SLATEC [70].
In this figure, comparing the red solid curves with the blue dotted ones, we can see
that the overall behaviors of Cℓ’s for the SSA case are in good agreement with those for
the SS case. This may be due to the same transfer functions of both cases. As seen in
equations (4.33) and (4.39), both cases have completely different dependence on multipoles.
Nevertheless, the transfer functions strongly impact on the shapes of the CMB power spectra.
Although the tensor modes are not as clear as the scalar modes, similar behaviors can be
observed in the TTA and TT cases.
In contrast, there are differences of the amplitudes between the SSA and SS cases. From
this figure, we can see C
(SSA)
X1X2,ℓ
/C
(SS)
X1X2,ℓ
∼ 0.01. This value can be understood by the naive
estimation of the magnitudes of primordial perturbations. By using equations (2.14), (2.18),
(4.36), and observational values of the cosmological parameters [53], we gain
〈
ξ(0)ξ(0)
〉 ∼ 2.4×
10−9 and
〈
ξ(0)ξ
(0)
A
〉
∼ 3.3×10−11. As seen in the previous sections, since C(SSA)X1X2,ℓ is indepen-
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Figure 1. Absolute values of CMB power spectra of the II (left top panel), IE (right top
one), EE (left bottom one) and BB (right bottom one) modes. Red solid (SSA), green dashed
(TTA), blue dotted (SS) and magenta dot-dashed (TT ) curves correspond to the spectra sourced
from the electromagnetic-scalar bispectra (4.33), electromagnetic-tensor correlation (4.34), scalar
auto-correlation (4.39) and tensor auto-correlation (4.40), respectively. Here, we have adopted
HI = 5 × 1013GeV, aI = 10−29 and r = 16ǫ = 0.26. The other cosmological parameters have
been fixed to the mean values reported in ref. [53].
dent ofWI , it can be believed that C
(SSA)
X1X2,ℓ
/C
(SS)
X1X2,ℓ
∼
〈
ξ(0)ξ
(0)
A
〉
/
〈
ξ(0)ξ(0)
〉
is a good approx-
imation. Hence, we can get the consistent result. In the same manner, from equation (4.37),
the magnitudes of primordial tensor perturbations are evaluated as
〈
ξ(±2)ξ(±2)
〉 ∼ 1.6×10−10
and
〈
ξ(±2)ξ
(±2)
A
〉
∼ 1.3× 10−11. Therefore, we see that at large scales, in particular, a naive
estimation, i.e., C
(TTA)
X1X2,ℓ
/C
(TT )
X1X2,ℓ
∼
〈
ξ(±2)ξ
(±2)
A
〉
/
〈
ξ(±2)ξ(±2)
〉 ∼ 0.1, is consistent with fig-
ure 1. A fact that C
(TTA)
X1X2,ℓ
/C
(TT )
X1X2,ℓ
is about ten times larger than C
(SSA)
X1X2,ℓ
/C
(SS)
X1X2,ℓ
is due
to the difference of the metric perturbations induced by electromagnetic fields between the
scalar and tensor modes as shown in equation (4.3). Unfortunately, the SS case dominate
over the CMB power spectra and the SSA signals are subdominant components. Regardless
of it, the above fact may help us to differentiate the SSA signals from the SS ones, respec-
tively. On the other hand, at small scales, the TTA spectra is comparable to the TT spectra.
This enhancement can be observed in the BB mode since there are no noise of the SS spectra
unlike in the II,IE and EE modes.
Furthermore, interestingly, the II and EE modes for the SSA cases have negative signals.
More precisely, the SSA signals are opposite in sign to the SS ones in the II, IE and EE
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modes. This is a consequence of the fact that the SSA signals are generated from the cross-
bispectrum of two electromagnetic fields and one curvature perturbation and hence can take
negative values. This may also become a clue as to the existence of the interaction between
the scalar and vector fields (2.2).
There may remain a concern about the contributions of CMB power spectra sourced
from 〈Y Y Y Y 〉. However, in the similar manner as the above discussion, from equation (4.3),
these amplitudes are evaluated as
C
(SASA)
X1X2,ℓ
/C
(SS)
X1X2,ℓ
∼
〈
ξ
(0)
A ξ
(0)
A
〉
/
〈
ξ(0)ξ(0)
〉
∼ 10−4 , (4.41)
and
C
(TATA)
X1X2,ℓ
/C
(TT )
X1X2,ℓ
∼
〈
ξ
(±2)
A ξ
(±2)
A
〉
/
〈
ξ(±2)ξ(±2)
〉
∼ 10−2 , (4.42)
and thus we believe that total CMB signals do not drastically change.
5 Summary and discussion
In this paper, we studied the impacts of primordial cross-bispectra between the vector fields
and metric perturbations on the CMB anisotropies. In the previous study [50], only the
cross-bispectrum between one curvature perturbation and two magnetic fields is analyzed.
However, the kinetic term of the vector field (2.2) also induces the cross-bispectra composed
of electric fields and tensor perturbation. For the sake of completeness, we first formulated
the primordial cross-bispectra: 〈REE〉 , 〈RBB〉 , 〈hEE〉 and 〈hBB〉. Then, we found that
〈REE〉 and 〈hEE〉 (〈RBB〉 and 〈hBB〉) dominate 〈RBB〉 and 〈hBB〉 (〈REE〉 and 〈hEE〉)
if n = −2 (n = 2). The contributions of electric and magnetic parts seem to turn over
depending on the sign of n. We also confirmed that like the magnetic-scalar case [50], the
cross-bispectra include the term, which expresses the logarithmic growth as ln[−(k1 + k2 +
k3)ηI ] and produces significant signals.
The anisotropic stress, which consists of the square of the electromagnetic parts of the
vector field, acts as a source of the CMB anisotropy. Hence, 〈REE〉 , 〈RBB〉 , 〈hEE〉 and
〈hBB〉 induce not CMB bispectra but CMB power spectra. From formulation of such CMB
power spectra, it was confirmed that they do not have the mode-coupling components, e.g.,
the scalar-vector correlation, and are independent of the coupling constant in the kinetic
term of the vector field (2.2).
In numerical analysis for the case where the magnetic part is maximized, we ob-
served that Cℓ’s generated from the electromagnetic-scalar and electromagnetic-tensor bis-
pectra have similar shapes to those induced by the auto-correlations of the primary non-
electromagnetic scalar and tensor perturbations, respectively. With respect to the ampli-
tudes, the electromagnetic-scalar spectra are about 1% of the scalar auto-correlated spectra.
Interestingly, the former signals have opposite signs of the latter ones. In the tensor modes,
although the signs are not flipped, the ratio between the electromagnetic-tensor and tensor
auto-correlated spectra is improved to more than 10%. Especially, at small scales, the signals
are enhanced and therefore the shape of the BB mode changes compared with the primary
non-electromagnetic case. The above characteristic behaviors may inform us of the existence
of the coupling between the scalar and vector fields (2.2).
In this paper, we focused on the case where CMB signals are maximized, i.e., n = 2.1.
However, their scale dependence and magnitudes are sensitive to n. This value directly
– 20 –
reflects the model of megnetogenesis; hence detailed probes with actual observational data
remain as a future issue.
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A Projection vectors and tensors
Here, let us summarize the conventions of the projection tensors based on refs. [37, 64, 67,
68]. To calculate actual CMB power spectra, we shall fix the definition of a unit vector, a
normalized divergenceless vector and a transverse-traceless tensor. These are respectively
given by
kˆa =
∑
m
αma Y1m(kˆ) ,
ǫ(±1)a (kˆ) = ∓
∑
m
αma ±1Y1m(kˆ) ,
e
(±2)
ab (kˆ) =
√
2ǫ(±1)a (kˆ)ǫ
(±1)
b (kˆ) ,
(A.1)
with
αma ≡
√
2π
3

−m(δm,1 + δm,−1)i (δm,1 + δm,−1)√
2δm,0

 . (A.2)
Here, the contraction of αma ’s is easily calculated as
αma α
m′
a =
4π
3
(−1)mδm,−m′ , αma αm
′∗
a =
4π
3
δm,m′ . (A.3)
A divergenceless vector and a transverse-traceless tensor obey
kˆaǫ(±1)a (kˆ) = 0 ,
ǫ(±1)∗a (kˆ) = ǫ
(∓1)
a (kˆ) = ǫ
(±1)
a (−kˆ) ,
ǫ(λ)a (kˆ)ǫ
(λ′)
a (kˆ) = δλ,−λ′ (for λ, λ
′ = ±1) ,
e(±2)aa (kˆ) = kˆae
(±2)
ab (kˆ) = 0 ,
e
(±2)∗
ab (kˆ) = e
(∓2)
ab (kˆ) = e
(±2)
ab (−kˆ) ,
e
(λ)
ab (kˆ)e
(λ′)
ab (kˆ) = 2δλ,−λ′ (for λ, λ
′ = ±2) .
(A.4)
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By a divergenceless vector and an antisymmetric tensor, a unit vector is also expressed as
kˆc = iηabcǫ
(+1)
a (kˆ)ǫ
(−1)
b (kˆ) , (A.5)
which is used in calculation of equation (4.12).
Obeying these notations, we define the projection vectors and tensors of the scalar,
vector and tensor modes, respectively, as
O(0)a (kˆ) ≡ ikˆa ,
O(±1)a (kˆ) ≡ −iǫ(±1)a (kˆ) ,
(A.6)
and
O
(0)
ab (kˆ) ≡ −kˆakˆb +
1
3
δab
= −2I01−1211
∑
Mmamb
Y ∗2M (kˆ)α
ma
a α
mb
b
(
2 1 1
M ma mb
)
,
O
(±1)
ab (kˆ) ≡ kˆaǫ(±1)b (kˆ) + kˆbǫ(±1)a (kˆ)
= ±2
√
3I01−1211
∑
Mmamb
∓1Y
∗
2M (kˆ)α
ma
a α
mb
b
(
2 1 1
M ma mb
)
,
O
(±2)
ab (kˆ) ≡ e(±2)ab (kˆ)
= 2
√
3I01−1211
∑
Mmamb
∓2Y
∗
2M (kˆ)α
ma
a α
mb
b
(
2 1 1
M ma mb
)
,
(A.7)
where I01−1211 =
√
3
8π is given by equation (4.11). These decompose arbitrary physical vector
and tensor such as the velocity, the metric and the anisotropic stress into the scalar, vector
and tensor components:
ωa(k) = ω
(0)(k)O(0)a (kˆ) +
∑
λ=±1
ω(λ)(k)O(λ)a (kˆ) ,
χab(k) = −1
3
χiso(k)δab + χ
(0)(k)O
(0)
ab (kˆ)
+
∑
λ=±1
χ(λ)(k)O
(λ)
ab (kˆ) +
∑
λ=±2
χ(λ)(k)O
(λ)
ab (kˆ) .
(A.8)
From equation (A.4), we have the inverse formulae as
ω(0)(k) = −O(0)a (k)ωa(k) ,
ω(±1)(k) = −O(∓1)a (k)ωa(k) ,
χ(0)(k) =
3
2
O
(0)
ab (kˆ)χab(k) ,
χ(±1)(k) =
1
2
O
(∓1)
ab (kˆ)χab(k) ,
χ(±2)(k) =
1
2
O
(∓2)
ab (kˆ)χab(k) .
(A.9)
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B Time-dependent mode function
Here, we explain properties of the time-dependent part of the mode functions, um(x), given
by equation (2.12).
For specific m, we have the analytic formulae as
u5/2(x) = −
1
3
(−3 + 3ix+ x2)eix , (B.1)
u3/2(x) = (1− ix)eix , (B.2)
u−3/2(x) = −
3
x3
(i+ x)eix . (B.3)
The derivative with respect to x is given by the recurrence formula as
dum(x)
dx
=
2m
x
[um(x)− um+1(x)] . (B.4)
In particular, we have
d
dx
u5/2(x) = −
1
3
x (−1 + ix) eix , (B.5)
d
dx
u−3/2(x) = 3
(
3i
x4
+
3
x3
− i
x2
)
eix . (B.6)
At the limit: x→ 0, these asymptotically behave as
um(x→ 0) =


1 (m > 0)
0 (m = 0)
4−mπ(i−cotmπ)
Γ(m)Γ(m+1) x
2m (m < 0)
, (B.7)
(
dum(x)
dx
)
x→0
=
{
1
2(m−1)x (m >
1
2)
21−2mπ(i−cotmπ)
Γ(m)2
x2m−1 (m ≤ 12)
. (B.8)
C Specific expressions of KRY Y and KhY Y
C.1 ν = µ = 3/2 and α = 5/2
The time-integlas in equations (3.7) and (3.14) are∫ ∞
−k1η
dτ1τ
−4
1 u3/2(τ1)
(
d
dτ1
u5/2(x2τ1)
)(
d
dτ1
u5/2(x3τ1)
)
=
k22k
2
3
9(−k1η)k41
+ iJ
(1a)
5/2 +O(−k1η) , (C.1)∫ ∞
−k1η
dτ1τ
−4
1
(
τ1
d
dτ1
u3/2(τ1)
)(
d
dτ1
u5/2(x2τ1)
)(
d
dτ1
u5/2(x3τ1)
)
= iJ
(1b)
5/2 +O(−k1η) , (C.2)∫ ∞
−k1η
dτ1τ
−4
1 u3/2(τ1)u5/2(x2τ1)u5/2(x3τ1)
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=
1
3(−k1η)3 +
3k21 + k
2
2 + k
2
3
6(−k1η)k21
+
π
6
+ iJ
(2a)
5/2 +O(−k1η) , (C.3)∫ ∞
−k1η
dτ1τ
−4
1
(
τ1
d
dτ1
u3/2(τ1)
)
u5/2(x2τ1)u5/2(x3τ1)
=
1
(−k1η) +
π
2
+ iJ
(2b)
5/2 +O(−k1η) , (C.4)∫ ∞
−k1η
dτ1τ
−4
1 u3/2(τ1)u5/2(x2τ1)
(
τ1
d
dτ1
u5/2(x3τ1)
)
=
k23
3(−k1η)k21
+ iJ
(3a)
5/2 +O(−k1η) , (C.5)∫ ∞
−k1η
dτ1τ
−4
1 u3/2(τ1)
(
τ1
d
dτ1
u5/2(x2τ1)
)
u5/2(x3τ1)
=
k22
3(−k1η)k21
+ iJ
(3b)
5/2 +O(−k1η) , (C.6)
where
J
(1a)
5/2 =
k22k
2
3
9k51ω
2
[
ω3 + (k2 + k3)(k2k3 − ω2) + ω(k22 + k23)
]
, (C.7)
J
(1b)
5/2 =
k22k
2
3
9k31ω
3
[
ω2 + ω(k2 + k3) + 2k2k3
]
, (C.8)
J
(2a)
5/2 = −
1
3
[γ + ln(−ωη)]
+
1
9k31ω
2
[
k22k
2
3(k1 + ω)− 3ωk2k3(ω2 − k1ω + k21) + 3k1ω3(2k1 − ω) + ω5
]
,(C.9)
J
(2b)
5/2 = − [γ + ln(−ωη)]
+
1
9k1ω3
[
9ω4 − 3ω2(k22 + 4k2k3 + k23) + 3ωk1k2k3 − 2k22k23
]
, (C.10)
J
(3a)
5/2 =
k23
9k31ω
3
[
3ω4 − 3(k2 + k3)ω3 + (k22 + 3k23)ω2
+k2(k
2
2 + k2k3 + 3k
2
3)ω + 2k
2
2k3(k2 + k3)
]
, (C.11)
J
(3b)
5/2 = J
(3a)
5/2 (k2 ↔ k3) . (C.12)
The other parts are expanded as
u∗3/2(−k1η)u∗5/2(−k2η)u∗5/2(−k3η)
= 1 +
1
6
(
3k21 + k
2
2 + k
2
3
)
η2 − i
3
(−k1η)3 +O((−k1η)4) , (C.13)
u∗3/2(−k1η)u′∗5/2(−k2η)u′∗5/2(−k3η)
=
k22k
2
3η
2
9
[
1 +
1
2
(k21 + k
2
2 + k
2
3)η
2 +
i
3
(k31 + k
3
2 + k
3
3)η
3
]
+O((−k1η)6) . (C.14)
Picking up the leading-order terms in the combinations of these equations, we can reach the
final expressions of KRY Y ’s and KhY Y ’s at the end of inflation on the superhorizon scales
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(−kηI ≪ 1):
KREE1 (α = 5/2) = −
4
9
k1k
2
2k
2
3η
2
I
(
J
(1a)
5/2 + J
(1b)
5/2
)
, (C.15)
KREE2 (α = 5/2) =
2k32k
3
3η
2
I
9k1
(
J
(2a)
5/2 + J
(2b)
5/2 −
k31 + k
3
2 + k
3
3
9k31
)
, (C.16)
KREE3 (α = 5/2) =
2k32k
3
3η
2
I
9k1
J
(3a)
5/2 , (C.17)
KREE4 (α = 5/2) =
2k32k
3
3η
2
I
9k1
J
(3b)
5/2 , (C.18)
KRBB1 (α = 5/2) = −4k1k2k3
(
J
(1a)
5/2 + J
(1b)
5/2
)
, (C.19)
KRBB2 (α = 5/2) = 2
k22k
2
3
k1
(
J
(2a)
5/2 + J
(2b)
5/2 −
1
9
)
, (C.20)
KRBB3 (α = 5/2) = 2
k22k
2
3
k1
J
(3a)
5/2 , (C.21)
KRBB4 (α = 5/2) = 2
k22k
2
3
k1
J
(3b)
5/2 , (C.22)
and
KhEE1 (α = 5/2) =
2
9
k1k
2
2k
2
3η
2
IJ
(1a)
5/2 , (C.23)
KhEE2 (α = 5/2) =
2k32k
3
3η
2
I
9k1
(
J
(2a)
5/2 −
k31 + k
3
2 + k
3
3
9k31
)
, (C.24)
KhBB1 (α = 5/2) = 2k1k2k3J
(1a)
5/2 , (C.25)
KhBB2 (α = 5/2) = 2
k22k
2
3
k1
(
J
(2a)
5/2 −
1
9
)
. (C.26)
C.2 ν = µ = 3/2 and α = −3/2
The time integrals and the product of the mode functions are resectively expanded as∫ ∞
−k1η
dτ1τ
4
1u3/2(τ1)
(
d
dτ1
u−3/2(x2τ1)
)(
d
dτ1
u−3/2(x3τ1)
)
= − 27k
6
1
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3
3(−k1η)3
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1(3k
2
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2
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2
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3
3(−k1η)
− 27πk
6
1
2k32k
3
3
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3
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3
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with
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J
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−3/2 = J
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In the same manner as the above case, we can gain
KREE1 (α = −3/2) =
324k1
k32k
3
3η
8
I
[
J
(1a)
−3/2 + J
(1b)
−3/2 +
9k61
k32k
3
3
]
, (C.41)
KREE2 (α = −3/2) = −
162
k1k22k
2
3η
8
I
(
J
(2a)
−3/2 + J
(2b)
−3/2
)
, (C.42)
– 26 –
KREE3 (α = −3/2) = −
162
k1k22k
2
3η
8
I
J
(3a)
−3/2 , (C.43)
KREE4 (α = −3/2) = −
162
k1k22k
2
3η
8
I
J
(3b)
−3/2 , (C.44)
KRBB1 (α = −3/2) =
36k1
k22k
2
3η
6
I
[
J
(1a)
−3/2 + J
(1b)
−3/2 +
9k31
k32k
3
3
(k31 + k
3
2 + k
3
3)
]
, (C.45)
KRBB2 (α = −3/2) = −
18
k1k2k3η6I
(
J
(2a)
−3/2 + J
(2b)
−3/2
)
, (C.46)
KRBB3 (α = −3/2) = −
18
k1k2k3η6I
J
(3a)
−3/2 , (C.47)
KRBB4 (α = −3/2) = −
18
k1k2k3η6I
J
(3b)
−3/2 , (C.48)
and
KhEE1 (α = −3/2) = −
162k1
k32k
3
3η
8
I
(
J
(1a)
−3/2 +
9k61
k32k
3
3
)
, (C.49)
KhEE2 (α = −3/2) = −
162
k1k22k
2
3η
8
I
J
(2a)
−3/2 , (C.50)
KhBB1 (α = −3/2) = −
18k1
k22k
2
3η
6
I
[
J
(1a)
−3/2 +
9k31
k32k
3
3
(k31 + k
3
2 + k
3
3)
]
, (C.51)
KhBB2 (α = −3/2) = −
18
k1k2k3η
6
I
J
(2a)
−3/2 . (C.52)
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